Transition from the acoustic noise in the radiation dominated universe to the density structures in the matter dominated epoch is considered. Instant change in the equation of state from p = ǫ/3 to p = 0 is assumed. Description, performed in the orthogonal gauge, is based on the identity of the propagation equations for both the gravitational and the density waves in the early universe. Stochastic properties of the initial acoustic field are adjusted to the hyperbolic type of the sound propagation equation. Parallels to the gravitational waves theory are emphasized. We show that Lichnerowicz conditions at the decoupling set the specific initial data, due to which the perturbations grow faster than the pure growing modes do. Universe with the instant transition from radiational to matter dominated epoch realize 'bottom-up' scenario of the formation of cosmic structures.
Introduction
The simplest models of transitions between different cosmological epochs [1] - [5] have played their great role in understanding of amplification of both the scalar fields and gravitational waves. Typical universe models of that class consist of three phases: 1) semiclassical phase, which is commonly identified with de Sitter stage, 2) radiation dominated epoch featured by the equation of state p = ǫ/3, and 3) the matter dominated era when pressure is negligible p = 0. Transitions between them are assumed to be instant. Continuity is required from both the perturbations and their first derivatives as usually in the case when fields are governed by the second order differential equations. The physical meaning of these toy-models is close to that of simple exercises with the particle scattering on rectangular potential barriers in quantum mechanics. Asymptotic results at infinity weakly depend on the barrier profile, so we hope, that in more realistic cosmology the perturbation amplitude in the remote past and the far future should marginally render the transition details.
Although the basic scheme looks simple, the actual model may encounter several difficulties. Controversies about matching conditions for gravitational waves in the transient epoch [6] - [10] show that the correct construction of the gauge invariant tensor perturbations in the universes with the instant change in the equation of state may be fairly complex task (see also [11] - [13] ).
For scalar perturbations [14] - [26] quite different matching problems occur, which are specifically related to the gauge freedom. The matter four-velocity distinguishes some families of characteristic hypersurfaces like hypersurfaces orthogonal to the fluid flow, hypersurfaces of the zero shear or hypersurfaces of constant expansion [16] . Each of these families is a well defined geometrical object and may serve as a global gauge with clear physical interpretation [16] , [17] , [22] . The choice of the hypersurface family is basically the subject of convention and depends on perturbations' physical properties we want to examine. The gauge freedom breaks, however, in universes with the instant change in the equation of state, because, the transition hypersurface Σ (the surface of the pressure change) defines its own "simultaneity". This surface is defined by the physical phenomenon, and hence, it is no subject of our choice. To fulfill the Einstein equations the appropriate matching conditions must be satisfied on Σ [27] , [28] . If Σ coincides with the one of the mentioned above characteristic hydrodynamical hypersurfaces (orthogonal to the fluid flow, the zero shear surface etc.) the jump in the pressure prefers one of the previously defined gauges and satisfying the matching conditions is relatively simple. Otherwise, the construction of comprehensive gauge-invariant model may be essentially difficult.
Stimulated by the polemics on the exit from inflationary era [9] , [10] , we return to purely classical problem of the behaviour of scalar perturbations on the transition from the radiation to matter dominated universe. To avoid discussion of Fourier expansions in curved spaces we restrict ourselves to the spatially flat universes. In our analysis, like in the gravitational waves theory [2] , discontinuity in pressure will play the role of the "potential barrier" -with one exception, that the scalar perturbations (in contrast to the tensor ones) form waves [33] only on the one side of this "barrier". We base on the exact solutions both prior and after decoupling. No approximations are made, so we also do not limit ourselves to the regimes of long or short waves. We start with the acoustic noise in the radiational era and investigate its transition to density structures in the matter dominated epoch. We pay attention to the compatibility of the stochastic properties of the acoustic field with the hyperbolic type of the perturbation equation. Therefore, in the same way as in the gravitational waves theory [2] , [29] - [32] we identify the space of elementary events with the linear space of travelling plane waves (compare also phonon approach [35] , [36] , [37] ). Acoustic power spectrum defines the initial perturbation state in the radiational era. If matching conditions are satisfied, the autocorrelation function of inhomogeneities at any moment of the universe history is uniquely determined by this spectrum.
There is a vast literature numerically investigating perturbations at the recombination and decoupling in more realistic models of the transient epoch (see [38] and references given there or later [39] - [40] ). Numerical analyses give some insight into the evolution of inhomogeneities in the ionized expanding environment, however, most of these approaches are based on the single solution with a specific initial data -the so called most rapidly growing mode. Commonly noticed oscillatory behaviour is sensitive to initial conditions and can be enhanced or suppressed depending on the rate in which both linear modes contribute to the initial inhomogeneity [41] , [42] . On the other hand, oscillatory behaviour of perturbations may appear in the pure radiation filled universe [43] if the hyperbolic character of the perturbation equation [33] [35] , [36] is not properly recognized. The model presented here might help to distinguish the consequences of specific initial data from genuine plasma instabilities.
The structure of the paper is following: In the Section 2. we remind exact solutions to perturbation equations in both radiational and galactic era employing orthogonal gauge. In the Section 3. we construct the 2-epoch model with the instant transition in the equation of state, by use of Lichnerowicz conditions. The Section 4. is devoted to the stochastic properties of the acoustic field. Finally, in the Section 5. we investigate the time evolution of the spatial spectrum of cosmological inhomogeneities. The paper is supplemented by a short appendix explaining the role of decaying modes in the structure formation process.
2. Density perturbations in the RW universe
Basic equations
Several gauge-invariant methods [14] - [26] lead to the same result: in the universe filled with the ideal fluid with pressure the density perturbations form travelling waves. Under appropriate choice of the perturbation variables [47] , all the gauge-invariant propagation equations converge to a single wave equation in its normal form. Below, we consider rotationless fluid, hence the hypersurfaces orthogonal to the fluid flow can be globally defined. In this specific case one can refer to geometrically simplest formalism by Lyth-Mukherjee [22] , [23] , [24] , which is based on the orthogonal gauge. In this gauge the linear corrections to the energy density and the expansion rate evolve according to
where corresponding background quantities are the functions of time ǫ 0 = ǫ 0 (t), P 0 = P 0 (t). The equations (1), (2) are derived from the Raychaudhuri and the continuity equations by use of the standard linearization procedure and under replacing the proper time by the orthogonal time. The orthogonal time guarantees the equal (position independent) time distance between orthogonal hypersurfaces. Let us assume now that the universe is filled with the single fluid with the equation of state P/ǫ = w = constant, where w determines both the evolution of the background metric (unperturbed universe) and the sound velocity for small perturbations. We express the energy density and the expansion rate corrections as the products of the background quantities ǫ 0 , ϑ 0 and the density and expansion contrasts δǫ = ǫ 0 X(t, x), δϑ = ϑ 0 Y (t, x). Both contrasts X(t, x) and Y (t, x) are assumed to be much less than unity.
Transforming system (1), (2) to the second order propagation equation for X we obtain the partial differential equation of the form
with the background evolution given by ϑ 0 (t) = 2 (1+w)t , or equivalently in the conformal time η
The conformal time η is defined here as the integral
dt of the scale factor reciprocal over the orthogonal time t and ∆ stands for the Laplace operator in 3-dimensional Euclidean space. Equation (6) can be solved analytically by use of Fourier transform. Actually, we are interested in two special cases w = 1/3 (radiation-filled universe) and w = 0 (matter-domination epoch). Equation (5) and (6) hold in other gauge-invariant formalisms. Transformations from the original equations given in [14] - [26] to the form of (5) are listed in [47] .
The equations (5) or (6) governing the evolution of linear perturbations do not contain the gravitational constant G. Small perturbations do not self-gravitate, what is the intrinsic property of the linear theory 1 . As known from the famous Sachs and Wolfe paper [33] (see also [34] ) what is traditionally called the gravitational instability, actually reduces to the acoustics of the expanding environment 2 .
Radiation dominated universe
In the universe filled with highly relativistic matter the scale factor a(η) evolve as linear function of the conformal time: a(η) = M/3 η, and preserve M = ǫ 0 a 4 as the constant of motion. The equation (6) expressed in the conformal time is free of the first derivative 1 3
and is essentially the same as the propagation equation for gravitational waves in the dust-filled universe [3] , [49] . It can be reduced to the wave equation in its normal form 1 3
by use of Darboux transformation [50]
Variable X(η, x) is the orthogonal-gauge analogue to the Field-Shepley variable φ [36] , [51] , or the variable E of [33] , [34] . Consequently the general solution of (7) can be expressed as
with
dependent on two arbitrary functions F 1 and F 2 . Solutions X(η, x) and X(η, x) expand into Fourier series in the way appropriate for masless scalar fields [52] ,
The modes u k(ǫ) (η, x) are simply
can be found by replacing
The generic perturbation X(η, x) is composed of travelling plane waves u k(ǫ) with decreasing amplitude. (Similar solutions are known in the theory of gravitational waves [49] , and scalar field [58] .). Fourier coefficient A k = −iωA k is an arbitrary complex function of the wave number k, while X(η, x) keeps real values. The frequency ω obeys the dispersion relation ω 2 = k 2 /3, hence waves of all length-scales propagate with the same phase and group velocity
Matter dominated universe
In the epoch of matter dominance m = ǫ 0 a 3 is the constant of motion and the scale factor evolves as a(η) = mη 2 12 . The propagation equation expressed in orthogonal gauge (in all formalism mentioned above) reads
Vanishing pressure implies the absence of the Laplacian operator, consequently, the general solutions consists of growing and decaying modes, both profile-independent, i.e. involving two arbitrary functions f 1 and f 2 :
This solution expands into Fourier series
where the coefficients a k and b k are arbitrary complex functions of k.
Matching conditions in the transition epoch
Consider now the two-epoch cosmological model composed of both, radiational epoch (governed by the equation of state p = ǫ/3), and succeeding epoch of the matter dominance (with p = 0). Below, the quantities related to these two epochs will appear with the indices (1) and (2), respectively. We assume that the transition between both epochs is instant and occurs on the hypersurface Σ orthogonal to the four velocity u µ of the matter content. Matching of the metric forms is uniquely defined by Lichnerowicz conditions [27] , [28] . Cauchy data are unique and consistent if the first and the second fundamental forms are continous on the hypersurface Σ [28] 
For unperturbed background this implies the continuity of the scale factor a(η) and its first derivative
In our two-epoch model these conditions are satisfied by
where η Σ denotes the moment of the transition, and M is the constant of motion M = ǫ 0 a 4 (1) of the radiation filled universe. The situation is slightly more complicated in the presence of perturbations. Gauge invariant formalism operate with specific perturbation variables and typically do not give access to perturbed metrics. Nevertheless, if Lichnerowich conditions are fulfilled some constraints on δǫ and δϑ hold. ¿From (18, 19) one can easily find that the energy density ǫ and the expansion rate ϑ are continuous on Σ. Indeed, the energy density ǫ is related to the induced curvature R (3) and the second fundamental form by [28] 
Ricci scalar R (3) on Σ consists of the metric form h µν (Σ) and its space derivatives, so R
alike h µν (Σ), is continuous at the transition. χ µν is continuous on the strength of (19) . As a consequence, (24) ensures, that ǫ is continuous. On the other hand the continuity of the expansion rate ϑ(t) comes directly from the same property of the second fundamental form χ µν . Eventually, after retracting unperturbed values ǫ 0 and ϑ 0 , the density perturbations obey
Conditions (25) and (26) are not equivalent to (18) and (19), nevertheless, they form the necessary conditions for matching the metrics on Σ. This is important to note that the time derivatives of ǫ and ϑ may jump, therefore neither δǫ ′ (η) nor X ′ (η) = (δǫ(η)/ǫ) ′ are continuous on Σ. Both δǫ and δϑ can be derived from (1) and (3) as
so they are uniquely determined when the solution for X(η, x) is known. The matching procedure consists now in assuring continuity of the right hand sides of (27) and (28) . The starting point to sew a single Fourier mode
with the mixture of growing and decaying mode on the "other side" of the transition surface
The two coefficients a k and b k are uniquely determined from (25, 26) . Indeed, evaluating (27, 28) for the perturbation (29, 30) and investing (25, 26) one obtains
The frequency ω refers to the acoustic wave in the radiational epoch, and is related to the wave number k by the linear dispersion relation ω = k/ √ 3. In the epoch of the matter dominance the perturbations lose their wave character, therefore it may be more adequately to parameterize them by the wave number k, which has a well defined meaning in both epochs. In this parameterization the modes u k(ǫ) equipped with coefficients (31, 32) read
The second independent solution consists of complex conjugates of u k(ǫ,1) and u k(ǫ,2) . Now, the spectral decomposition (12-13) uniquely determines the perturbation evolution on both epochs. This means that by setting A k in radiational epoch we also uniquely define the time-scales and the length-scales for the structure formation in the matter dominated universe.
Random acoustic fields
The structure of the propagation equations for both, density perturbations and gravitational waves is the same. Therefore, the construction of random acoustic field below resembles the construction of random field of gravitational waves [29] - [32] . Following [31] - [32] we assume that X(η, x) is a weakly homogeneous and stationary stochastic process [53] - [55] , so is defined by the integral
with random Fourier coefficients satisfying
P k stands for the power spectrum of the acoustic field. Relations (36, 37) assure statistical independence of waves moving in different directions. As a consequence of (36, 37) the field X(η, x) and its canonical momentum p = ∂ η X are uncorrelated at any flow-orthogonal hypersurface, in particular they do not correlate in scales larger than horizon. A commonly employed measure of the cosmic structure is the two-point autocorrelation function
defined on the constant time hypersurfaces. Under conditions (36) (37) this function reads
where
plays the role of the structure spatial spectrum and u k(ǫ) (η, x) are modes defined by (33, 34) extended to both epochs prior and after the transition. In this way acoustic noise in radiational era with a given spectrum P k determines uniquely the spatial spectrum of inhomogeneities p k (η) at any stage of the structure formation process.
The spectrum transfer function

The density structure
The spectrum transfer function T
converts the acoustic spectrum P k into the spatial spectrum p k (η). T (η, k) carries the entire time dependence of cosmological inhomogeneities. The spectrum transfer function is real and independent of the reference system. In particular it is invariant under unitary transformations of Fourier bases 4 . Employing extended modes (33, 34) we find
η means the normalized time parameterη = η/η Σ and thek is the modified wave number k = kη Σ / √ 3 which measures the number of oscillations within the horizon of sound on Σ. We hold the factor √ 3/k in both T (ǫ,1) and T (ǫ,2) to keep modes u k(ǫ,1) orthonormal in the sense of the Klein-Gordon scalar product in the radiational era. This is easy to check that the spectrum transfer function is continuous on Σ.
The velocity structure
The orthogonal gauge realize the comoving system of reference, in which the four velocity is globally chosen as u = (1, 0, 0, 0), therefore one cannot describe the peculiar velocity field directly. However, the velocity field can be well measured by the expansion rate ϑ = ϑ 0 + δϑ, where the perturbation manifests as the deviation δϑ from the homogeneous Hubble flow ϑ 0 = 3H. Modes of the fluid "compression" are associated to the density modes (14), (29) . On the strength of (28) we obtain
δϑ is continuous on strength of Lichnerowicz conditions, but its time derivatives my suffer from discontinuity. The expansion contrast Y = δϑ/ϑ can be expressed as a Fourier integral
with the same coefficients A k as in (13), but with a different modes u k(ϑ) , given by
In the close analogy to the density perturbations one can express the peculiar velocities (perturbation in the expansion rate) in terms of the space autocorrelation or spectrum. This time
, and the spectrum transfer function is given by formula (41) after replacing u k(ǫ) by u k(ϑ)
Unlike the density spectrum, the spectrum of the expansion rate monotonically increases in the radiation dominated universe (eq.48, see also the behavior of modes u k(ϑ,1) -eq.46). This is so, because the decrease in peculiar velocities is less than the decrease in homogeneous Hubble flow. Growth of the expansion contrast Y is neutral for the acoustic approximation, as long as the gas velocities are small when compare with the sound velocity [57] . In our case the acoustic approximation is valid as long as the contribution of terms quadratic in δϑ(η) to δϑ ′ (t) in (2) is negligible. In the late time limit it is assured by (44) . Therefore, perturbation initiated as an acoustic one remains acoustic during the entire radiational era, even though δϑ/ϑ increases.
Density and velocity structure -qualitative discussion
It is convenient to normalize the spectrum transfer function in order to visualize the spectrum behavior prior and after transitioñ
The normalized transfer function expresses the perturbation enhancement relative to its initial amplitude at η i . Plotted in the logarithmic scale (Fig. 1a, Fig. 1.b) it shows that the perturbations evolution is highly sensitive tok. In both Fig. 1a, Fig. 1 .b the evaluation starts at η i = 0.1η Σ (η i = 0.1) and ends at η i = 3η Σ (η i = 3). The large scale inhomogeneities (the ones, which are greater than the local sound horizoñ k ≪ 1) decay in the radiational epoch (η i < 1). In this case the term 1 k 2η2 is dominant in the transfer function T (ǫ,1) (η,k) and strongly decreases with time 5 . Decay of the large scale component does not contradict causality, because the expansion (35) sets the initial conditions on the Cauchy surface (η = const) [28] . Similar phenomenon of the large-scale waves extinction is observed in the scalar field theory [58] . Although the large scale inhomogeneities change substantially during radiational era, their response to the change in the equation of state is weak. They cease to oscillate next to η Σ , but their spatial spectrum is insensitive to the transition (see Fig. 1.b) .
The low scale perturbations realize a different scenario. Their amplitudes keep constant during radiation dominated epoch to blow up by several orders of magnitude at the transition. For the inhomogeneities of the galactic order (M = 10 11 M s ) the spectrum transfer function is on the level of 10 8 , which means the 10 4 amplitude enhancement. The pressure discontinuity excites the low-scale perturbations and their contribution to the spatial-spectrum becomes dominant shortly after the transition.
As opposed to the density perturbations, the velocity magnitude does not change significantly at the transition. The normalized transfer function for the expansion spectrum Fig. 2 . The expansion contrast increases systematically during radiational era and smoothly enters the epoch of the matter domination, keeping nearly the same growth rate prior and after the transition. Substantial change in the velocity field concerns its phase. The figure Fig. 2b shows the difference in arguments of both density and expansion modes δφ = arg(u k(ǫ) ) − arg(u k(ϑ) ). In radiational era large frequency modes, both u k(ǫ) and u k(ϑ) are shifted to each other by π/2 ( compare also (46) ) and (29) . This effect is generic in the radiation dominated fluid [59] , and characteristic for the acoustic character of perturbations. Similar relation of phases can be also obtained on the ground of the binding energy analysis [60] . After the transition the arguments of the density and velocity modes differ by π so their maxima are anti-correlated. The lowest expansion occurs in the regions of highest density. The decaying modes have exhausted and the fluid flow becomes potential.
¿From the hydrodynamic point of view the transition from the radiational to matter dominated epoch breaks down the acoustic approximation. The sound velocity instantly falls down from v = 1/ √ 3 to zero, and in consequence the velocity field formally becomes greater than the sound velocity in each point of space. After pressure disappears the velocity field takes the form of the free matter fall and aggregates matter in the kinematic way. The self-gravitation processes do not switch on until linear regime fails. Kinematic structure formation can be identified with velocity overshoot, which was discovered and investigated numerically in the Newtonian regime [41] , [62] .
The low frequency modes hardly achieve the phase of potential flow, since their argument shift is different from π in the matter dominated epoch. Although, in the radiational epoch their arguments also do not differ on π/2 this is purely mathematical fact with no consequences for the wave structure of solutions. The reason is that the peculiar expansion δϑ/ϑ does not form a momentum canonically conjugated to δǫ/ǫ, and consequently, for low frequencies the mode arguments lose the information about the canonical phase of motion.
In both cases -the density or expansion fields -the spectrum transfer functions monotonically increases with the wave number k. In particular the phenomenon of acoustic peaks is absent. The effect is close to that of including both independent solutions in numerical analysis [41] in more sophisticated transition models.
Summary
The fundamental property of the density perturbations in the early universe is that they propagate in the same way as sounds propagate in air or electromagnetic waves in vacuum. As shown by Sachs and Wolfe [33] (see also [34] ) perturbations form waves travelling with the same speed v = 1 √ 3 independently of their scales or profiles, hence gravitationally bound structures cannot form in radiational era at all. Perturbations do not self-gravitate in the linear regime, so the gravity may affect their evolution merely by affecting the dynamics of the homogeneous background. The wave aspect of the density perturbations is confirmed in the Hamiltonian formalism [35] , [36] , the gauge-invariant theories [47] (which we employed in this paper), and in the original Lifshitz synchronous description [61] .
The hyperbolic type of the propagation equation leads to the specific perturbations' statistics. The space of elementary event is identified with the space of plane waves, like in electromagnetism or gravitational waves theory [2] , [29] - [32] . The stochastic process is assumed to be homogeneous and stationary. Random choice of plane waves is equivalent to choosing the values of both, the perturbation and its canonical momentum, at the initial Cauchy surface, as statistically independent and uncorrelated quantities. Stochastic character of the acoustic waves reflects in stability of homogeneous radiation dominated environment. Perturbations greater than the horizon of sound decay during radiational era, while those well inside the horizon keep their magnitude constant in time. This property holds in synchronous system of reference [36] , [61] . Similar decrease in amplitude occurs for the large scale component of the scalar field [58] as well as in generic acoustic field in its non-stochastic description ( [33] , section 2.). The spectrum transfer function is monotonic, so any maxima or minima in the perturbation space spectrum p k reflects the same property of the acoustic spectrum P k .
To match the random acoustic field at the decoupling, both growing and decaying modes must exist in the matter dominated universe 6 . The decaying mode is not ambiguous for the structure formation process. If Lichnerowicz conditions are satisfied at the transient hypersurface (epoch of instant change from p = ǫ/3 to p = 0) the small scale perturbations are excited 7 . Universe with the sharp transition from radiational to matter dominated epoch realize " bottom-up" scenario of the formation of cosmic structures. (Fig. 3) .
In the time when the pure growing mode doubles its amplitude the perturbation composed of both the growing and decaying modes enhances by several orders of magnitude. As we can see the pure growing modes actually form moderately increasing solutions, while the genuine most rapidly growing density perturbations should be found among specific combinations of both modes, the growing and decaying ones. Under these circumstances the matter aggregation proceeds much more efficiently.
Neither decaying modes can be ignored in the low ω limit. For the large scale perturbations 1 ≪ ωη Σ the coefficient b k in front of the decaying mode overwhelms a k responsible for the growing one. Indeed, from matching conditions (31) (32) it follows that the coefficients ratio behaves as
in this regime. This time decaying mode does not play any role in the formation of structures, nevertheless may affect the observed MBR temperature fluctuations [33] . The spectrum transfer functionT ǫ for the density perturbations (in logarithmic scale) as a function of conformal timeη. The family of solutions covers the wave numbers range log(k) ∈ [−1, 5] i.e. the lowest curve on the diagram refers to the perturbation greater ten times than the sound horizon, while the most upper one to the perturbation scale 10 −5 times smaller. Pointη = 1 represents the transition from the radiation to matter dominated universe. Fig.1b The spectrum transfer functionT ǫ for the density perturbations as a function of both, the conformal timẽ η and the wave numberk. The substantial increase of the low scale perturbations occur atη = 1. Fig.2 The expansion spectrum transferT ϑ is the continuously increasing function of conformal time ( Fig.2a) . Instead, a sharp change in the perturbation phase occur atη = 1 for the low scale perturbations (Fig.2b) . Prior to the transition the perturbations form waves, so the positions of the density maxima and the minima of the expansion rate are shifted in phase by π/2. After the transition the density maxima and the expansion minima coincide throughout the space (δφ = π), and the fluid flow become potential. 
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